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NOTES ON “EINSTEIN METRICS ON COMPACT SIMPLE LIE GROUPS
ATTACHED TO STANDARD TRIPLES”
HUIBIN CHEN AND ZHIQI CHEN
Abstract. In the paper “Einstein metrics on compact simple Lie groups attached to standard triples”,
the authors introduced the definition of standard triples and proved that every compact simple Lie group
G attached to a standard triple (G,K,H) admits a left-invariant Einstein metric which is not naturally
reductive except the standard triple (Sp(4), 2Sp(2), 4Sp(1)). For the triple (Sp(4), 2Sp(2), 4Sp(1)), we
find there exists an involution pair of sp(4) such that 4sp(1) is the fixed point of the pair, and then give
the decomposition of sp(4) as a direct sum of irreducible ad(4sp(1))-modules. But Sp(4)/4Sp(1) is not a
generalized Wallach space. Furthermore we give left-invariant Einstein metrics on Sp(4) which are non-
naturally reductive and Ad(4Sp(1))-invariant. For the general case (Sp(2n1n2), 2Sp(n1n2), 2n2Sp(n1)),
there exist 2n2 − 1 involutions of sp(2n1n2) such that 2n2sp(n1)) is the fixed point of these 2n2 − 1
involutions, and it follows the decomposition of sp(2n1n2) as a direct sum of irreducible ad(2n2sp(n1))-
modules. In order to give new non-naturally reductive and Ad(2n2Sp(n1)))-invariant Einstein metrics
on Sp(2n1n2), we prove a general result, i.e. Sp(2k + l) admits at least two non-naturally reductive
Einstein metrics which are Ad(Sp(k) × Sp(k) × Sp(l))-invariant if k < l. It implies that every compact
simple Lie group Sp(n) for n ≥ 4 admits at least 2[n−1
3
] non-naturally reductive left-invariant Einstein
metrics.
1. Introduction
A Riemannian manifold (M, g) is called Einstein if there exists a constant λ ∈ R such that the Ricci
tensor r with respect to g satisfies r = λg. See Besse’s book [4], the papers of Jensen [11] and Wang and
Ziller [17] for more details. For Lie groups, D’Atri and Ziller prove in [10] that every compact simple Lie
group except SO(3) admits at least two left-invariant Einstein metrics which are naturally reductive. But
they also mention in [10] that it is difficult to give non-naturally reductive Einstein metrics on compact
simple Lie groups.
Recently, there are some studies on non-naturally reductive Einstein metrics on compact simple Lie
groups. Mori gives in [12] a class of non-naturally reductive left-invariant Einstein metrics on compact
simple Lie groups SU(n) for n ≥ 6. After that, Arvanitoyeorgos, Mori and Sakane prove the existence of
non-naturally reductive Einstein metrics on SO(n)(n ≥ 11), Sp(n)(n ≥ 3), E6, E7 and E8. Then Chen
and Liang obtain in [7] a non-naturally reductive Einstein metric on the compact simple Lie group F4.
Recently, Chrysikos and Sakane find new non-naturally reductive Einstein metrics on exceptional Lie
groups in [8], especially they give the first non-naturally reductive Einstein metric on G2.
In [19], Yan and Deng study non-naturally reductive Einstein metrics on a compact Lie group G
associated with a triple (G,K,H). Here G is a compact simple Lie group, K is a closed subgroup of G
such that G/K is a compact irreducible symmetric space, and H is a closed subgroup of K. Denote the
Lie algebras of G,K,H by g, k, h respectively. Let B,Bk, Bh be the negative of the Killing forms of g, k, h
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respectively. Consider the B-orthogonal decomposition
g = k⊕ p = h⊕ u⊕ p (1.1)
and the left-invariant metrics on G determined by the ad(h)-invariant metric on g of the form
〈·, ·〉 = B|h + xB|u + yB|p, x, y ∈ R+. (1.2)
A triple (G,K,H) (or (g,k,h)) is called a basic triple in [19] if
(1) Bk = c1B|k, Bh = c2B|h for some c1 > 0, c2 > 0, and
(2)
∑
i(ad
2(hi))|u = −λuid,
∑
i(ad
2(hi))|p = −λpid for some λu > 0, λp > 0. Here {hi} is a B-
orthonormal basis of h.
A basic triple (G,K,H) is called standard if the standard homogenous metric gB on G/H is Einstein. In
fact, the classification of the homogeneous space whose standard homogeneous metric is Einstein is given
by Wang and Ziller in [16] . Thus it is easy to give a complete classification of standard triples based
on [16, 18]. Furthermore in [19], Yan and Deng classify standard triples and prove that every compact
simple Lie group G attached to a standard triple (G,K,H) admits a left-invariant Einstein metric of the
form (1.2) which is non-naturally reductive except the standard triple (Sp(4), 2Sp(2), 4Sp(1)).
In general, for a basic (even standard) triple (G,K,H), the decomposition (1.1) is not necessary to be
a direct sum of irreducible ad(h)-modules. That is, the metric of the form (1.2) is only a special class of
left-invariant metrics on G which are also Ad(H)-invariant. In order to obtain non-naturally reductive
left-invariant Einstein metrics on Sp(4) which are Ad(4Sp(1))-invariant, we need to discuss the structure
of sp(4) as a direct sum of irreducible ad(4sp(1))-modules. Firstly, we have the following theorem.
Theorem 1.1. For the standard triple (Sp(4), 2Sp(2), 4Sp(1)), there exists an involution pair (θ, τ) of
sp(4) such that θτ = τθ and 4sp(1) = {x ∈ sp(4)|θ(x) = x, τ(x) = x}.
It follows the decomposition of sp(4) as a direct sum of irreducible ad(4sp(1))-modules. Although
4sp(1) is the fixed point of an involution pair of sp(4), Sp(4)/4Sp(1) is not a generalized Wallach space,
which is also called a three-locally-symmetric space. The notation of a generalized Wallach space is
introduced by Nikonorov in [13]. A compact homogeneous space G/H with a semisimple connected Lie
group G and a connected Lie subgroup H is a generalized Wallach space if m is the direct sum of three
irreducible adh-modules pairwise orthogonal with respect to B, i.e.
m = m1 ⊕m2 ⊕m3,
with [mi,mi] ⊂ h for any i ∈ {1, 2, 3}. Here B is the negative of Killing from of g, h is the Lie algebra
of H , and m is the orthogonal complement of h in g with respect to B. The classification of generalized
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Wallach spaces is given by Nikonorov in [14]. In [5], Chen, Kang and Liang prove that the classification of
generalized Wallach spaces is equivalent with the classification of involution pairs of compact Lie groups
satisfying certain conditions, and then give the classification for compact simple Lie groups.
In [2], Arvanitoyeorgos, Sakane and Statha study non-naturally reductive Einstein metrics on Sp(k1+
k2 + k3) which are Ad(Sp(k1) × Sp(k2) × Sp(k3))-invariant. In particular, they prove that Sp(k1 + 2)
admits a non-naturally reductive Einstein metric which is Ad(Sp(k1)×Sp(1)×Sp(1))-invariant, and give
three non-naturally reductive Einstein metrics for k1 = 2. Based on the decomposition of sp(4) as a
direct sum of irreducible ad(4sp(1))-modules and the results in [2], we have the following theorem.
Theorem 1.2. The compact simple Lie group Sp(4) admits non-naturally reductive left-invariant Einstein
metrics which are Ad(4Sp(1))-invariant.
For the standard triple (Sp(2n1n2), 2Sp(n1n2), 2n2Sp(n1)) except the case (Sp(4), 2Sp(2), 4Sp(1)), Yan
and Deng prove in [19] that Sp(2n1n2) attached to the triple (Sp(2n1n2), 2Sp(n1n2), 2n2Sp(n1)) admits a
non-naturally reductive left-invariant Einstein metric of the form (1.2) which is Ad(2n2Sp(n1))-invariant.
Furthermore, they obtain an interesting result on the number of Einstein metrics.
Lemma 1.3 ([19]). For any integer n = pl11 p
l2
2 · · · plss with pi prime and pi 6= pj, Sp(2n) admits at least
(l1 + 1)(l2 + 1) · · · (ls + 1)− 1
non-equivalent non-naturally reductive Einstein metrics.
In this paper, we character the structure of sp(2n1n2) as a direct sum of irreducible ad(2n2sp(n1)))-
modules by the following theorem.
Theorem 1.4. For the standard triple (Sp(2n1n2), 2Sp(n1n2), 2n2Sp(n1)), there exists involutions θi, 1 ≤
i ≤ 2n2−1 of sp(2n1n2) such that θiθj = θjθi and 2n2sp(n1) = {x ∈ sp(2n1n2)|θi(x) = x, 1 ≤ i ≤ 2n2−1}.
It follows from Theorem 1.4 that a B-orthogonal decomposition of sp(2n1n2) as a direct sum of irre-
ducible ad(2n2sp(n1))-modules. Here we point out that, from Theorem 1.4, we get another decomposition
of sp(4) by three involutions of sp(4) directly, which is in essential the same as that from Theorem 1.1.
In order to give new non-naturally reductive Einstein metrics on Sp(2n1n2) which are Ad(2n2Sp(n1))-
invariant, we consider another class of left-invariant metrics on Sp(2n1n2) which are Ad(2n2Sp(n1))-
invariant different from those given in [19]. The metrics correspond to the decomposition of Sp(2n1n2)
under two special involutions from θi, 1 ≤ i ≤ 2n2−1 whose fixed point is sp(n1)⊕sp(n1)⊕sp(2(n2−1)n1).
More general, we prove the following theorem.
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Theorem 1.5. For given positive integers k and l with k < l, Sp(2k+ l) admits at least two non-naturally
reductive left-invariant Einstein metrics which are Ad(Sp(k) × Sp(k)× Sp(l))-invariant.
In particular, in Theorem 1.5, let n1 = k and take l = 2(n2 − 1)k, we have at least two non-naturally
reductive left-invariant Einstein metrics on Sp(2n1n2) which are Ad(Sp(n1)× Sp(n1)× Sp(2(n2− 1)n1)).
In particular, they are Ad(2n2Sp(n1))-invariant.
Comparing to Lemma 1.3, we get the lower bound of the number of non-naturally Einstein metrics on
Sp(n) for n ≥ 4 from Theorem 1.5.
Theorem 1.6. For every n ≥ 4, the compact simple Lie group Sp(n) admits at least 2[n−13 ] non-naturally
reductive left-invariant Einstein metrics.
The paper is organized as follows. In section 2, we list some preliminaries which is necessary for this
paper. In section 3, we recall the results on the theory of involutions on compact simple Lie groups,
and then decompose sp(4) as a direct sum of irreducible ad(4sp(1))-modules based on the above theory.
That is, we prove theorem 1.1. Then in section 4, we prove Theorem 1.2 by the studies on Sp(n) given
in [2]. In section 5, we decompose sp(2n1n2) as a direct sum of irreducible ad(2n2sp(n1)))-modules
corresponding to 2n2 − 1 involutions of sp(2n1n2). In particular, we prove Theorem 1.4. Furthermore,
we prove Theorems 1.5 and 1.6 in section 6.
2. Preliminaries: naturally reductive metrics and the Ricci tensor
Let G be a compact simple Lie group and let K be a connected closed subgroup of G with Lie algebras
g and k respectively. Let g = k⊕m be the B-orthogonal decomposition. Here [k,m] ⊂ m. Assume that m
can be decomposed into mutually non-equivalent irreducible Ad(K)-modules:
m = m1 ⊕ · · · ⊕mq.
Let k = k0 ⊕ k1 ⊕ · · · ⊕ kp, where k0 = Z(k) is the center of k and every ki is simple for i = 1, · · · , p.
It is well-known that there exists a one-to-one corresponding between G-invariant metrics on G/K and
Ad(K)-invariant inner products on m. The G-invariant metric 〈·, ·〉 on M = G/K is called naturally
reductive if
〈[X,Y ]m, Z〉+ 〈Y, [X,Z]m〉 = 0, ∀X,Y, Z ∈ m.
In [10], D’Atri and Ziller give a sufficient and necessary condition for a left-invariant metric on a
compact simple Lie group to be naturally reductive.
Lemma 2.1 ([10]). For any inner product b on k0, every left-invariant metric on G with the form
〈·, ·〉 = u0b|k0 + u1B|k1 + · · ·+ upB|kp + xB|m, (u0, u1, · · · , up, x ∈ R+)
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is naturally reductive with respect to the action (g, k)y = gyk−1 of G×K. Conversely, if a left-invariant
metric 〈·, ·〉 on a compact simple Lie group G is naturally reductive, then there exists a closed subgroup
K of G such that 〈·, ·〉 can be written as above.
Now we have a B-orthogonal decomposition of g which is Ad(K)-invariant:
g = k0 ⊕ k1 ⊕ · · · ⊕ kp ⊕m1 ⊕ · · · ⊕mq = k0 ⊕ k1 ⊕ · · · ⊕ kp ⊕ kp+1 ⊕ · · · ⊕ kp+q,
where kp+i = mi for 1 ≤ i ≤ q. Assume that dimk0 ≤ 1. Consider the following left-invariant metric on
G which is Ad(K)-invariant:
〈·, ·〉 = x0 ·B|k0 + x1 · B|k1 + · · ·+ xp+q · B|kp+q , (2.1)
where xi ∈ R+ for i = 1, · · · , p+ q.
Let di = dim ki and let {eiα}diα=1 be a B-orthonormal basis of ki. Denote Aγα,β = B([eiα, ejβ], ekγ), i.e.
[eiα, e
j
β] =
∑
γ A
γ
α,βe
k
γ , and define
(ijk) :=
∑
(Aγα,β)
2,
where the sum is taken over all indices α, β, γ with eiα ∈ ki, ejβ ∈ kj , ekγ ∈ kk. Then (ijk) is independent of
the choice for the B-orthonormal basis of ki, kj , kk, and (ijk) = (jik) = (jki). Furthermore in [1], there
are fundamental formulae for the Ricci tensor for compact Lie groups and compact homogeneous spaces.
Here we just give the formula for Lie groups.
Lemma 2.2. [1, 15] Let G be a compact connected simple Lie group endowed with a left-invariant metric
〈·, ·〉 of the form (2.1). Then the components r0, r1, · · · , rp+q of the Ricci tensor associated to 〈·, ·〉 are:
rk =
1
2xk
+
1
4dk
∑
j,i
xk
xjxi
(kji)− 1
2dk
∑
j,i
xj
xkxi
(jki), (k = 0, 1, · · · , p+ q).
Here, the sums are taken over all i = 0, 1, · · · , p+ q. In particular for each k, ∑i,j(jki) = dk.
3. The decomposition of sp(4) as a direct sum of irreducible ad(4sp(1))-modules.
This section is to character the decomposition of sp(4) as a direct sum of irreducible ad(4sp(1))-modules
according to the standard triple (Sp(4), 2Sp(2), 4Sp(1)). Here, Sp(4)/2Sp(2) is a compact irreducible
symmetric space. That is, there is an involution θ of sp(4) such that
2sp(2) = {x ∈ sp(4)|θ(x) = x}, p = {x ∈ sp(4)|θ(x) = −x}, sp(4) = 2sp(2)⊕ p.
In general, let G be a compact simple connected Lie group with the Lie algebra g and let θ be an
involution of G. Then for the involuation θ, we have a decomposition,
g = k⊕ p,
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where k = {X ∈ g|θ(X) = X} and p = {X ∈ g|θ(X) = −X}. Cartan and Gantmacher made great
attributions on the classification of involutions on compact Lie groups. Let t1 be a Cartan subalgebra of
k and let t be a Cartan subalgebra of g containing t1.
Lemma 3.1 (Gantmacher Theorem). With the above notations, θ is conjugate with θ0e
adH under Autg,
where H ∈ t1 and θ0 is an involution which keeps the Dynkin diagram invariant.
Let Π = {α1, . . . , αn} be a fundamental system of t and φ =
∑n
i=1miαi be the maximal root respec-
tively. Let α′i =
1
2 (αi + θ0(αi)). Then Π
′ = {α′1, . . . , α′l} consisting different elements in {α′1, . . . , α′n} is
a fundamental system of g0, where g0 = {X ∈ g|θ0(X) = X}. Denote by φ′ =
∑l
i=1m
′
iα
′
i the maximal
root of g0 respectively. Furthermore we have
Lemma 3.2 ([20]). If H 6= 0, then for some i, we can take H satisfying
α′i = αi; 〈H,α′i〉 = pi
√−1; 〈H,α′j〉 = 0, ∀j 6= i. (3.1)
Here m′i = 1 or m
′
i = 2.
Moreover, k is described as follows.
Lemma 3.3 ([20]). Let the notations be as above. Assume that αi satisfies the identity (3.1).
(1) If θ0 = Id and mi = 1, then Π − {αi} is a fundamental system of k, and φ and −αi are the
highest weights of admCk corresponding to the fundamental system.
(2) If θ0 = Id and mi = 2, then Π−{αi}∪{−φ} is a fundamental system of k, and −αi is the highest
weight of admCk corresponding to the fundamental system.
(3) If θ0 6= Id, then Π′ − {α′i} ∪ {β0} is a fundamental system of k, and −αi is the highest weight of
admCk corresponding to the fundamental system.
Remark 3.4. In Lemma 3.3, the dimension of C(k), i.e. the center of k, is 1 for case (1); 0 for cases (2)
and (3), β0 in case (3) is the highest weight of admCk for θ = θ0 corresponding to Π
′.
Let {α1, α2, α3, α4} be a fundamental system of sp(4) such that the Dynkin diagram is
❝ ❝ ❝ ❝<
α1 α2 α3 α4
Let φ = 2α1 + 2α2 + 2α3 + α4. By the above lemmas, the irreducible symmetric space Sp(4)/2Sp(2)
corresponds to the involution θ = eadH of sp(4) defined by
〈H,α2〉 = pi
√−1; 〈H,αj〉 = 0, j = 1, 3, 4.
Furthermore the Dynkin diagram of 2sp(2) is
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❝ ❝ ❝ ❝> <
−φ α1 α3 α4
Consider the involution τ1 = eadH1 of the first sp(2) with the Dynkin diagram
❝ ❝>
−φ α1
defined by
〈H1, α1〉 = pi
√−1; 〈H1,−φ〉 = 0.
Let φ1 = −φ+ 2α1 = −2α2 − 2α3 − α4. The Dynkin diagram of {x ∈ sp(2)|τ1(x) = x} is
❝ ❝
−φ −φ1
Denote by h1 the first sp(1) in the above diagram and h2 the second sp(1). Then u1 = {x ∈ sp(2)|τ1(x) =
−x} is an irreducible ad(h1)-module and sp(2) = h1⊕h2⊕u1. Similarly, consider the involution τ2 = eadH2
of the second sp(2) with the Dynkin diagram
❝ ❝<
α3 α4
defined by
〈H2, α3〉 = pi
√−1; 〈H2, α4〉 = 0.
Let φ2 = 2α3 + α4. The Dynkin diagram of {x ∈ sp(2)|τ2(x) = x} is
❝ ❝
−φ2 α4
Denote by h3 the first sp(1) in the above diagram and h4 the second sp(1). Then u2 = {x ∈ sp(2)|τ2(x) =
−x} is an irreducible ad(h2)-module and sp(2) = h3 ⊕ h4 ⊕ u2. Thus τ2sp(2) = τ1 ⊕ τ2 is an involution of
2sp(2) with the decomposition
2sp(2) = h1 ⊕ h2 ⊕ h3 ⊕ h4 ⊕ u = h1 ⊕ h2 ⊕ h3 ⊕ h4 ⊕ u1 ⊕ u2.
Here u1 and u2 are irreducible ad(4sp(1))-modules. But it is unclear for p as an ad(4sp(1))-module. In
order to do this, we study the extension of the involution τ2sp(2) of 2sp(2) to sp(4).
The theory on the extension of involutions of k to g can be found in [3], which is different in the method
from that in [20]. There are also some related discussion in [5, 6, 7, 9]. In the following we first give
the theory in general cases. Now for any involution τ k of k, we can write τ k = τ k0e
adHk , where τ k0 is an
involution on k which keeps the Dynkin diagram of k invariant, Hk ∈ t1 and τ k0(Hk) = Hk. Since eadH
k
is
an inner-automorphism, naturally we can extend eadH
k
to an automorphism of g. Moreover,
Lemma 3.5 ([20]). The involution τ k0 can be extended to an automorphism of g if and only if τ
k
0 keeps
the weight system of admCk invariant.
If C(k) 6= 0, then dimC(k) = 1. Thus τ k0(Z) = Z or τ k0(Z) = −Z for any Z ∈ C(k).
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Lemma 3.6 ([20]). Assume that C(k) 6= 0 and τ k0(Z) = Z for any Z ∈ C(k). If τ k can be extended to an
automorphism of g, then τ k can be extended to an involution of g.
Lemma 3.7 ([20]). Assume that C(k) = 0, or C(k) 6= 0 but τ k0(Z) = −Z for any Z ∈ C(k). If τ is an
automorphism of g extending an involution τ k of k, then τ2 = Id or τ2 = θ. Furthermore, the following
conditions are equivalent:
(1) There exists an automorphism τ of g extending τ k which is an involution.
(2) Every automorphism τ of g extending τ k is an involution.
Lemma 3.8 ([20]). Let τ0 be the automorphism of g extending the involution τ
k
0 on k. Then τ
2
0 = Id
except g = Ain and n is even. For e
adHk , we have:
(1) If θ0 6= Id, then the natural extension of eadHk is an involution.
(2) Assume that θ0 = Id. Let α
′
i1
, . . . , α′ik be the roots satisfying 〈α′j , H〉 6= 0. Then the natural
extension of eadH
k
is an involution if and only if
∑ik
j=i1
m′j is even.
Lemma 3.9 ([3, 20]). If τ is an involution of g extending an involution τ k on k, then every extension of
τ k is an involution of k, which is equivalent with τ or τθ.
Now we go back to discuss the above case for the standard triple (Sp(4), 2Sp(2), 4Sp(1)). By (2) of
Lemma 3.8, the natural extension τ of τ2sp(2) is an involution of sp(4). In fact, for the fundamental
system {α1, α2, α3, α4} of sp(4), the involution τ = eadH of sp(4) is defined by
〈H,α1〉 = 〈H,α3〉 = pi
√−1; 〈H,α2〉 = 〈H,α4〉 = 0.
Clearly, θτ = τθ. That is, theorem 1.1 holds.
Let p1 = {x ∈ p|τ(x) = x}, and p2 = {x ∈ p|τ(x) = −x}. By the above discussion, we have the
following decomposition:
sp(4) = h1 ⊕ h2 ⊕ h3 ⊕ h4 ⊕ u1 ⊕ u2 ⊕ p1 ⊕ p2.
Consider another fundamental system {α2,−α1−α2, α1+α2+α3, α4} of sp(4) with the Dynkin diagram
❝ ❝ ❝ ❝<
α2 −α1−α2 α1+α2+α3 α4
The maximal root is −φ1. The Dynkin diagram of h⊕ p1 = {x ∈ sp(4)|τ(x) = x} is
❝ ❝ ❝ ❝> <
−φ1 α2 α1+α2+α3 α4
Consider the restriction of the involution θ of sp(4) on h⊕ p1. Similar to the discussion for u,
p1 = p
1
1 ⊕ p21
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as the direct sum of irreducible ad(4sp(1))-modules. For p2, consider the fundamental system {α1 +
α2,−α2, α2 + α3, α4} of sp(4) with the Dynkin diagram
❝ ❝ ❝ ❝<
α1+α2 −α2 α2+α3 α4
The maximal root is φ. The Dynkin diagram of h⊕ p2 = {x ∈ sp(4)|θτ(x) = x} is
❝ ❝ ❝ ❝> <
−φ α1+α2 α2+α3 α4
Consider the restriction of the involution θ of sp(4) on h⊕ p2. Similar to the discussion for u,
p2 = p
1
2 ⊕ p22
as the direct sum of irreducible ad(4sp(1))-modules. Up to now, we have the decomposition
sp(4) = h1 ⊕ h2 ⊕ h3 ⊕ h4 ⊕ u1 ⊕ u2 ⊕ p11 ⊕ p21 ⊕ p12 ⊕ p22
as a direct sum of irreducible ad(4sp(1))-modules.
4. Non-naturally reductive Einstein metrics on Sp(4) which are Ad(4Sp(1))-invariant
For the standard triple (Sp(4), 2Sp(2), 4Sp(1), we have the following B-orthogonal decomposition of
sp(4) as irreducible ad(4sp(1))-modules:
sp(4) = h1 ⊕ h2 ⊕ h3 ⊕ h4 ⊕ u1 ⊕ u2 ⊕ p11 ⊕ p21 ⊕ p12 ⊕ p22.
Consider the left-invariant metric 〈·, ·〉 on Sp(4) which is Ad(H)-invariant of the form
x1B|h1 ⊕ x2B|h2 ⊕ x3B|h3 ⊕ x4B|h4 ⊕ x5B|u1 ⊕ x6B|u2 ⊕ x7B|p11 ⊕ x8B|p21 ⊕ x9B|p12 ⊕ x10B|p22 , (4.1)
In [19], the authors show that there are no non-naturally reductive Einstein metrics which satisfy
x1 = x2 = x3 = x4, x5 = x6, x7 = x8 = x9 = x10.
In the following, we consider the metrics on Sp(4) of the form (4.1) satisfying
x3 = x4 = x6, x7 = x10, x8 = x9.
That is, we can consider the following B-orthogonal decomposition
sp(4) = h1 ⊕ h2 ⊕ {h3 ⊕ h4 ⊕ u2} ⊕ u1 ⊕ {p11 ⊕ p22} ⊕ {p21 ⊕ p12}.
The above decomposition corresponds to another involution pair (θ, σ) satisfying θσ = σθ, where θ is the
involution in section 3 and σ = eadH is the involution defined by
〈H,α1〉 = pi
√−1; 〈H,αj〉 = 0, j = 2, 3, 4.
Here σ is the natural extension of the involution eadH
′
on k defined by
〈H ′, α1〉 = pi
√−1; 〈H ′,−φ〉 = 〈H ′, α3〉 = 〈H ′, α4〉 = 0.
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We can check that h1 ⊕ h2 ⊕ {h3 ⊕ h4 ⊕ u2} = sp(1)⊕ sp(1)⊕ sp(2) = {x ∈ sp(4)|θ(x) = σ(x) = x}, and
Sp(4)/Sp(1)× Sp(1)× Sp(2) is a generalized Wallach space.
In general, for any 1 ≤ k1 ≤ k2 ≤ k3, Sp(k1 + k2 + k3)/Sp(k1) × Sp(k2) × Sp(k3) is a generalized
Wallach space [5, 14]. Let {α1, α2, · · · , αk1+k2+k3} be a fundamental system of sp(k1 + k2 + k3) with the
Dynkin diagram
❝ ❝ ❝ ❝<
α1 α2 αk1+k2+k3
The generalized Wallach space Sp(k1 + k2 + k3)/Sp(k1)× Sp(k2)× Sp(k3) corresponds to the involution
pair (θ, τ) of sp(k1 + k2 + k3), where θ = e
adH determined by
〈H,αk1+k2〉 = pi
√−1; 〈H,αj〉 = 0, j 6= k1 + k2,
and τ = eadH
′
determined by
〈H ′, αk1〉 = pi
√−1; 〈H ′, αj〉 = 0, j 6= k1.
Then we have the decomposition of sp(k1 + k2 + k3) as irreducible ad(sp(k1)⊕ sp(k2)⊕ sp(k3))-modules:
sp(k1 + k2 + k3) = sp(k1)⊕ sp(k2)⊕ sp(k3)⊕m1 ⊕m2 ⊕m3,
where m1 = {x|θ(x) = −τ(x) = x}, m2 = {x|θ(x) = τ(x) = −x}, m3 = {x|θ(x) = −τ(x) = −x}.
Consider the left-invariant metrics on Sp(k1+ k2+ k3) determined by the Ad(Sp(k1)× Sp(k2)× Sp(k3))-
invariant inner product on sp(k1 + k2 + k3) given by
〈·, ·〉 = y1B|sp(k1) ⊕ y2B|sp(k2) ⊕ y3B|sp(k3) ⊕ y4B|m1 ⊕ y5B|m2 ⊕ y6B|m3 . (4.2)
By the theory given in Lemma 2.1,
Lemma 4.1 ([2]). If a left-invariant metric of the form (4.2) is naturally reductive with respect to
Sp(k1 + k2 + k3)× L for some closed subgroup L of Sp(k1 + k2 + k3), then one of the following holds:
(1) y1 = y2 = y4, y5 = y6.
(2) y2 = y3 = y6, y4 = y5.
(3) y1 = y3 = y5, y4 = y6.
(4) y4 = y5 = y6.
Conversely, if one of the above conditions holds, then the metric of the form (4.2) is naturally reductive
with respect to Sp(k1 + k2 + k3)× L for some closed subgroup L of Sp(k1 + k2 + k3).
Using the formula in Lemma 2.2, we have the following lemma.
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Lemma 4.2 ([2]). The components of the Ricci tensor for the metric of the form (4.2) are:
rSp(1) =
k1 + 1
4(n+ 1)y1
+
k2y1
4(n+ 1)y24
+
k3y1
4(n+ 1)y25
,
rSp(2) =
k2 + 1
4(n+ 1)y2
+
k1y2
4(n+ 1)y24
+
k3y2
4(n+ 1)y26
,
rSp(3) =
k3 + 1
4(n+ 1)y3
+
k1y3
4(n+ 1)y25
+
k2y3
4(n+ 1)y26
,
rm1 =
1
2y4
+
k3
4(n+ 1)
(
y4
y5y6
− y5
y4y6
− y6
y4y5
)
− (2k1 + 1)y1
8(n+ 1)y24
− (2k2 + 1)y2
8(n+ 1)y24
,
rm2 =
1
2y5
+
k2
4(n+ 1)
(
y5
y4y6
− y4
y5y6
− y6
y4y5
)
− (2k1 + 1)y1
8(n+ 1)y25
− (2k3 + 1)y3
8(n+ 1)y25
,
rm3 =
1
2y6
+
k1
4(n+ 1)
(
y6
y4y5
− y4
y5y6
− y5
y4y6
)
− (2k2 + 1)y2
8(n+ 1)y26
− (2k3 + 1)y3
8(n+ 1)y26
.
Here n = k1 + k2 + k3.
Furthermore, for k1 = k2 = 1, k3 = 2, we have the following lemma.
Lemma 4.3 ([2]). The Lie group Sp(4) admits three Ad(Sp(1)×Sp(1)×Sp(2))-invariant Einstein metrics
of the form (4.2) which are non-naturally reductive up to isometry and scalar. The solutions for the non-
naturally reductive metrics are given by
(1) (y1, y2, y3, y4, y5, y6) ≈ (0.114935, 0.114935, 0.180564, 0.508812, 0.326608, 0.326608),
(2) (y1, y2, y3, y4, y5, y6) ≈ (0.116403, 0.116403, 0.169957, 0.310184, 0.380445, 0.380445),
(3) (y1, y2, y3, y4, y5, y6) ≈ (0.117632, 0.131837, 0.170185, 0.241674, 0.489011, 0.320149).
Now we are at the point to prove Theorem 1.2. In fact, for the values of yi in Lemma 4.3, every metric
of the form (4.1) satisfying
x1 = y1, x2 = y2, x3 = x4 = x6 = y3, x5 = y4, x7 = x10 = y5, x8 = x9 = y6
determines a non-naturally reductive Einstein metric on Sp(4) which is Ad(4Sp(1))-invariant.
5. The decomposition of sp(2n1n2) as a direct sum of irreducible ad(2n2sp(n1))-modules.
In the following, we first prove Theorem 1.4. In fact, let {α1, α2, · · · , α2n1n2} be a fundamental system
of sp(2n1n2) with the Dynkin diagram
❝ ❝ ❝ ❝<
α1 α2 α2n1n2
For any 1 ≤ i ≤ 2n2 − 1, let θi be the involution of sp(2n1n2) defined by θi = eadHi where Hi satisfies
〈Hi, αn1 i〉 = pi
√−1; 〈Hi, αj〉 = 0, j 6= n1 i.
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Clearly, θiθj = θjθi. Then we have the following decomposition of sp(2n1n2):
sp(2n1n2) =
∑
ji=1 or −1
m(j1, · · · , j2n2−1),
Here m(j1, · · · , j2n2−1) = {x ∈ sp(2n1n2)|θi(x) = jix}, and in particular
m(1, · · · , 1) = sp(n1)1 ⊕ · · · ⊕ sp(n1)2n2 .
Clearly ji = 1 or−1. Define Φ = {(j1, · · · , j2n2−1)|m(j1, · · · , j2n2−1) 6= 0, (j1, · · · , j2n2−1) 6= (1, 1, · · · , 1)}.
Then we have
sp(2n1n2) = sp(n1)
1 ⊕ · · · ⊕ sp(n1)2n2 ⊕
∑
(j1,··· ,j2n2−1)∈Φ
m(j1, · · · , j2n2−1),
which is a direct sum of irreducible ad(2n2sp(n1))-modules.
Remark 5.1. The standard triple (Sp(4), 2Sp(2), 4Sp(1)) corresponds to the above case with n1 = 1,
n2 = 2. Then
sp(4) = sp(n1)
1 ⊕ · · · ⊕ sp(n1)4 ⊕
∑
(j1,j2,j3)∈Φ
m(j1, j2, j3).
Here there are possibly 11 irreducible ad(4sp(1))-modules: sp(n1)
1, sp(n1)
2, sp(n1)
3, sp(n1)
4, m(1, 1,−1),
m(1,−1, 1), m(−1, 1, 1), m(1,−1,−1), m(−1, 1,−1), m(−1,−1, 1), and m(−1,−1,−1). But we prove in
section 3 that sp(4) is the direct sum of 10 irreducible ad(4sp(1))-modules. In fact, it is easy to check
that m(−1, 1,−1) = 0.
Consider the left-invariant metrics on Sp(2n1n2) determined by the Ad(2n2Sp(n1))-invariant inner
product on sp(2n1n2) given by
〈·, ·〉 =
2n2∑
i=1
yiB|sp(n1)i ⊕
∑
(j1,··· ,j2n2−1)∈Φ
y(j1, · · · , j2n2−1)B|m(j1,··· ,j2n2−1). (5.1)
In [19], the authors show that there are non-naturally reductive Einstein metrics on Sp(2n1n2) for n1n2 >
2 which satisfy
(1) y1 = y2 = · · · = y2n2 , and
(2) y(j1, · · · , j2n2−1) = m if (j1, · · · , jn2 = −1, · · · , j2n2−1) ∈ Φ, and
(3) y(j1, · · · , j2n2−1) = n if (j1, · · · , jn2 = 1, · · · , j2n2−1) ∈ Φ.
We will consider the metric of the form (5.1) satisfying
(1) y3 = · · · = y2n2 = y(j1, · · · , j2n2−1) for any (j1 = 1, j2 = 1, j3, · · · , j2n2−1) ∈ Φ, and
(2) all y(j1, · · · , j2n2−1) satisfying (j1 = 1, j2 = −1, j3, · · · , j2n2−1) ∈ Φ are equivalent, and
(3) all y(j1, · · · , j2n2−1) satisfying (j1 = −1, j2 = 1, j3, · · · , j2n2−1) ∈ Φ are equivalent, and
(4) all y(j1, · · · , j2n2−1) satisfying (j1 = −1, j2 = −1, j3, · · · , j2n2−1) ∈ Φ are equivalent.
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The above metric corresponds to the decomposition of sp(2n1n2) under the involution pair (θ1, θ2) which
are Ad(Sp(n1) × Sp(n1) × Sp(2(n2 − 1)n1))-invariant. Generally, we will study non-naturally reductive
Einstein metrics on Sp(2k + l) which are Ad(Sp(k) × Sp(k)× Sp(l))-invariant.
6. Non-naturally reductive Einstein metrics on Sp(2k + l)
In this section, we give non-naturally reductive Einstein metrics on Sp(2k + l) which are Ad(Sp(k) ×
Sp(k)×Sp(l))-invariant. That is, we take k = k1 = k2 and l = k3 in the formulae given in Section 4, and
study the metric with y1 = y2 and y5 = y6 = 1. The homogeneous Einstein equations are equivalent to
the following system of equations:

f1 , −2 ky32y2y42 + ly22y3y42 + ky22y3 + ky3y42 − ly2y42 − y2y42 + y3y42 = 0,
f2 , ly2
2y4
2 − ly2y43 + 3 ky22 − 4 y2y4k + ky42 + y22 − 2 y2y4 + y42 = 0,
f3 , 2 y2y3k + 4 ky3
2 + 2 y3y4k + 2 y3
2l − 8 ky3 − 4 y3l + y2y3 + y32 + 2 l− 4 y3 + 2 = 0.
In particular,
f2 = (y2 − y4)
(
ly2y4
2 + 3 ky2 − ky4 + y2 − y4
)
.
If y2 = y4, by Lemma 4.1, the metrics are naturally reductive. In order to get non-naturally reductive
Einstein metrics, we assume that y2 6= y4. Thus ly2y42 + 3 ky2 − ky4 + y2 − y4 = 0. That is,
y2 =
(k + 1) y4
ly42 + 3 k + 1
.
Substituting it into f1 and f3, we have

g1 , 2 k
2ly3
2y4
3 − kl2y3y44 + 2 kly32y43 − l2y3y44 + 6 k3y32y4 − 7 k2ly3y42 + kl2y43 + 8 k2y32y4
− 10 kly3y42 + kly43 + l2y43 − 10 k3y3 + 3 k2ly4 + 2 ky32y4 − 3 ly3y42 + ly43 − 17 k2y3 + 3 k2y4
+ 4 kly4 − 8 ky3 + 4 ky4 + ly4 − y3 + y4 = 0,
g3 , 4 kly3
2y4
2 + 2 kly3y4
3 + 2 l2y3
2y4
2 − 8 kly3y42 − 4 l2y3y42 + ly32y42 + 12 k2y32 + 8 y3y4k2
+ 6 kly3
2 + 2 l2y4
2 − 4 ly3y42 − 24 k2y3 − 12 kly3 + 7 ky32 + 5 y3y4k + 2 y32l + 2 ly42 + 6 kl
− 20 ky3 − 4 y3l + y32 + y3y4 + 6 k + 2 l− 4 y3 + 2 = 0.
Consider the polynomial ring R = Q[z, y3, y4] and the ideal I generated by {g1, g3, zy3y4 − 1}, and take
a lexicographic order > with z > y3 > y4 for a monomial ordering on R. By the help of computer, we
get two polynomials in the Gro¨bner basis of the ideal I. One is
h(y4) = 2 l
2(l + k)(4 k2 + 4 kl+ 2 l2 + l)y84
− 4 l2(2 k + l + 1)(8 k2 + 8 kl+ 2 l2 + l)y74
+ l(64 k4+304 k3l+284 k2l2+88 kl3+4 l4+40 k3+238 k2l+162 kl2+32 l3+8 k2+51 kl+19 l2+2 l)y64
− 8 l(2 k + l + 1)(28 k3 + 40 k2l + 10 kl2 + 14 k2 + 21 kl+ 4 l2 + 2 k + 2 l)y54
+ (128 k5 + 1376 k4l + 1472 k3l2 + 468 k2l3 + 24 kl4 + 160 k4 + 1684 k3l + 1372 k2l2 + 336 kl3 + 8 l4
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+ 82 k3 + 713 k2l + 406 kl2 + 60 l3 + 20 k2 + 118 kl+ 38 l2 + 2 k + 5 l)y44
− 4 (2 k+ l+ 1)(96 k4 + 248 k3l+ 62 k2l2 + 92 k3 + 215 k2l+ 46 kl2 + 32 k2 + 55 kl+ 8 l2 + 4 k + 4 l)y34
+ (1792 k5+ 2432 k4l+848 k3l2 + 36 k2l3 + 2848 k4+ 3100 k3l+ 896 k2l2 + 24 kl3+ 1714 k3+ 1427 k2l
+ 304 kl2 + 4 l3 + 478 k2 + 278 kl+ 32 l2 + 58 k + 19 l+ 2)y24
− 4 (5 k + 1)(2 k + 1)(3 k + 1)(2 k + l+ 1)(8 k + 2 l+ 1)y4
+ 2 (2 k + 1)2(5 k + 1)2(4 k + 2 l + 1),
the other is
h(y3, y4) = −4 l2(l + k)(4 k2 + 4 kl+ 2 l2 + l)(k2 + 4 kl+ 2 l2 + k + l)y74
+ 8 l2(2 k + l + 1)(k2 + 4 kl+ 2 l2 + k + l)(8 k2 + 8 kl+ 2 l2 + l)y64
− 2 l(64 k6 + 480 k5l + 1428 k4l2 + 1632 k3l3 + 824 k2l4 + 172 kl5 + 8 l6 + 104 k5 + 730 k4l + 1682 k3l2
+ 1428 k2l3 + 504 kl4 + 64 l5 + 48 k4 + 357 k3l + 622 k2l2 + 355 kl3 + 66 l4 + 8 k3 + 61 k2l + 77 kl2
+ 22 l3 + 2 kl+ 2 l2)y54
+ 4 l(2 k+ l+ 1)(112 k5+ 448 k4l+ 664 k3l2 + 360 k2l3 + 60 kl4+ 168 k4+ 508 k3l+ 556 k2l2 + 228 kl3
+ 28 l4 + 64 k3 + 172 k2l + 131 kl2 + 28 l3 + 8 k2 + 16 kl+ 7 l2)y44
−(256 k7−2976 k6l−8944 k5l2−10696 k4l3−5680 k3l4−1224 k2l5−56 kl6−576 k6−6656 k5l−15528 k4l2
− 14480 k3l3− 5996 k2l4− 988 kl5− 24 l6− 484 k5− 5282 k4l− 9632 k3l2− 6830 k2l3− 2006 kl4− 196 l5
−204 k4−1882 k3l−2625 k2l2−1293 kl3−210 l4−44 k3−294 k2l−293 kl2−75 l3−4 k2−14 kl−8 l2)y34
+4 (2 k+ l+1)(192 k6+624 k5l+1052 k4l2+648 k3l3+108 k2l4+376 k5+1166 k4l+1412 k3l2+684 k2l3
+96 kl4+248 k4+688 k3l+631 k2l2+216 kl3+20 l4+72 k3+158 k2l+108 kl2+20 l3+8 k2+12 kl+5 l2)y24
− (2944 k7 − 5920 k6l − 6800 k5l2 − 4104 k4l3 − 960 k3l4 − 24 k2l5 − 7632 k6 − 13816 k5l − 13320 k4l2
− 6568 k3l3− 1284 k2l4− 32 kl5− 7480 k5− 11750 k4l− 9368 k3l2− 3574 k2l3− 512 kl4− 8 l5− 3546 k4
−4678 k3l−2943 k2l2−784 kl3−60 l4−838 k3−893 k2l−400 kl2−58 l3−86 k2−70 kl−17 l2−2 k− l)y4
+ (2 l + 1)(5 k + 1)(2 k + 1)(k + 1)(4 k + 2 l+ 1)(6 k2 + 4 kl+ 2 l2 + 2 k + l)y3
+ 16 k(5 k + 1)(2 k + 1)(k + 1)(2 k + l+ 1)(6 k2 + 4 kl+ 2 l2 + 2 k + l).
It is easy to see that there exists a real number s such that h(s, t) = 0, where t is a real number such
that h(t) = 0. Furthermore, we can prove that s > 0. In fact, we take the lexicographic order > with
z > y4 > y3 for a monomial ordering on R. By the help of computer, the following polynomial t(y3) is
contained in the Gro¨bner basis for the ideal I:
t(y3) = (4 k + 2 l+ 1)(4 k
2 + 4 kl+ 2 l2 + l)(6 k2 + 4 kl+ 2 l2 + 2 k + l)2y83
− 16 (2 k + l + 1)(6 k2 + 4 kl+ 2 l2 + 2 k + l)(6 k4 + 24 k3l + 28 k2l2 + 16 kl3 + 4 l4 + 2 k3 + 10 k2l
+ 10 kl2 + 4 l3 + kl + l2)y73
+ (640 k7 + 7712 k6l+ 21968 k5l2 + 30576 k4l3 + 24804 k3l4 + 12288 k2l5 + 3520 kl6 + 448 l7 + 2000 k6
+13528 k5l+31660 k4l2+36532 k3l3+23504 k2l4+8416 kl5+1328 l6+1408 k5+7818 k4l+15881 k3l2
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+ 14848 k2l3 + 7012 kl4 + 1432 l5 + 368 k4 + 1924 k3l + 3456 k2l2 + 2412 kl3 + 676 l4 + 32 k3 + 202 k2l
+ 301 kl2 + 126 l3 + 8 kl+ 4 l2)y63
−8 (2 k+ l+1)(256 k5l+1164 k4l2+1842 k3l3+1472 k2l4+624 kl5+112 l6+108 k5+725 k4l+1857 k3l2
+2072 k2l3 + 1152 kl4+ 268 l5+ 72 k4+ 400 k3l+800 k2l2 +646 kl3+ 212 l4+ 12 k3+ 81 k2l+ 121 kl2
+ 63 l3 + 6 kl+ 5 l2)y53
+ (800 k6l + 9792 k5l2 + 27248 k4l3 + 34472 k3l4 + 23124 k2l5 + 8000 kl6+ 1120 l7 + 640 k6 + 9168 k5l
+37136 k4l2+64046 k3l3+55996 k2l4+24520 kl5+4240 l6+1712 k5+13190 k4l+36747 k3l2+45785 k2l3
+27136 kl4+6124 l5+1108 k4+6824 k3l+14530 k2l2+12968 kl3+4168 l4+264 k3+1526 k2l+2483 kl2
+ 1321 l3 + 20 k2 + 140 kl+ 160 l2 + 4 l)y43
− 4 (l+1)(2 k+ l+1)(256 k4l+1164 k3l2+1684 k2l3+1024 kl4+224 l5+108 k4+725 k3l+1694 k2l2
+ 1560 kl3 + 480 l4 + 72 k3 + 358 k2l + 616 kl2 + 316 l3 + 12 k2 + 61 kl+ 70 l2 + 4 l)y33
+ 4 (l + 1)2(40 k5 + 482 k4l + 1318 k3l2 + 1406 k2l3 + 656 kl4 + 112 l5 + 125 k4 + 800 k3l + 1593 k2l2
+ 1156 kl3 + 276 l4 + 79 k3 + 410 k2l + 584 kl2 + 224 l3 + 17 k2 + 84 kl+ 67 l2 + k + 6 l)y23
− 8 (l + 1)3(2 k + l+ 1)(2 l + 1 + 3 k)(3 k2 + 12 kl+ 8 l2 + k + 2 l)y3
+ 4 (l + 1)4(l + k)(2 l+ 1 + 3 k)2.
Since the coefficients of the polynomial t(y3) are positive for even degree terms and negative for odd
degree terms, all the real solutions (if exist) of t(y3) = 0 are positive.
For all k, l ∈ Z+, we have
h(0) = 2 (2 k + 1)
2
(5 k + 1)
2
(4 k + 2 l+ 1) > 0,
h(1) = 32 k5 + 16 k4l − 24 k3l2 − 20 k2l3 − 4 kl4 + 24 k4 + 8 k3l
−18 k2l2 − 12 kl3 − 2 l4 + 4 k3 − 3 kl2 − l3
= (2 k + 1) (4 k + 2 l+ 1) (k − l) (2 k + l)2 ,
h(∞) → +∞.
Furthermore assume that k < l. Then h(y4) = 0 have at least two real solutions, one is between 0 and
1, the other is bigger than 1. Therefore there exist at least two solutions of the homogeneous Einstein
equations of the form
{y1 = y2 = (k + 1) y4
ly42 + 3 k + 1
, y3 = α(y4), y4 6= 1, y5 = y6 = 1},
where α(y4) is a rational polynomial of y4 with positive values and the corresponding left-invariant
Einstein metrics are non-naturally reductive by Lemma 4.1. In conclusion, we proved Theorem 1.5.
By Theorem 1.5, for any k ≤ [n−13 ], Sp(n) admits at least two non-naturally reductive left-invariant
Einstein metrics which are Ad(Sp(k) × Sp(k)× Sp(n− 2k))-invariant. That is, Theorem 1.6 follows.
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